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Abstract
Let F/k be a finite abelian extension of global function fields, totally split at a
distinguished place∞ of k. We show that a complex Gras conjecture holds for Stark
units, and we derive a refined analytic class number formula.
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1 Introduction.
Let k be a global function field with constant field Fq, and let ∞ be a distinguished place
of k. We write k∞ for the completion of k at∞. For any finite abelian extension K/k, let
OK be the ring of functions of k which are regular outside the places of K sitting above
∞. We denote by Cl (OK) the ideal-class group of OK . If K ⊆ k∞ we define in section 2
a group EK of Stark units, which have finite index in O
×
K , the group of units of OK . This
group EK has already been studied in [3], [4].
We fix a finite abelian extension F ⊆ k∞ of k, with Galois group G, and degree g. In
[9], for every nontrivial irreducible rational character ψ of G, we established that
#
(
Z〈g〉 ⊗Z
(
O×F /EF
))
ψ
= #
(
Z〈g〉 ⊗Z Cl(OF )
)
ψ
, (1.1)
where Z〈g〉 := Z
[
g−1
]
, and where the index ψ means we take the ψ-parts. In [5] we used
Euler systems to prove that EF satisfies the Gras conjecture,
#
(
Zp ⊗Z
(
O×F /EF
))
ψ
= #(Zp ⊗Z Cl(OF ))ψ ,
for all prime number p ∤ qg and all irreducible nontrivial Qp-character ψ (but we were
not able to prove the conjecture in the special case where the following conditions are
simultaneously satisfied: p|#Cl (Ok), ψ is a conjugate of the Teichmuller character, µp 6⊂ k
and µp ⊂ F , where µp is the group of p-th roots of unity in the separable closure of k).
Let µg be the group of g-th roots of unity in the field of complex numbers. Let O
be the integral closure of Z〈g〉 in Q(µg). For any module M over a commutative ring
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A, we denote by FitA(M) the Fitting ideal of M . Using the properties of Rubin-Stark
units stated in [7] and [6], we prove here a complex version of the Gras conjecture for EF
(Theorem 4.1). More precisely, we prove that for every nontrivial complex character χ of
G, we have
FitO
(
O⊗Z
(
O×F /EF
))
χ
= FitO (O⊗Z Cl(OF ))χ , (1.2)
which is a refinement of (1.1). From (1.2), one can easily deduce that the classical Gras
conjecture holds for all prime number p ∤ g. Thus Theorem 4.1 expands the result obtained
in [5], in particular it shows that the conjecture holds for p equal to the caracteristic of
k, and also for the conjugates of the Teichmuller character in the above special case. Let
us also mention the analogy between this theorem and a recent result of P.Buckingham
(see [1, Theorem 7.1]), who is concerned with Rubin-Stark elements in cyclic extensions
of totally real number fields.
Also we can combine this complex Gras conjecture (1.2) with the computations made
in [9]. Thus we derive a «χ-part» version of the analytic class number formula (Theorem
4.2), connecting the Fitting ideal of the χ-part of the O-module O⊗ZCl (OF ) to the value
at 0 of an L-function attached to χ, for any non trivial irreducible complex character χ
of G.
2 Stark units in function fields.
Let d be the degree of ∞ over Fq. If m is a nonzero ideal of Ok, then we denote by
Hm ⊆ k∞ the maximal abelian extension of k contained in k∞, such that the conductor of
Hm/k divides m. The function field version of the abelian conjectures of Stark, proved by
P.Deligne in [8] by using étale cohomology or by D.Hayes in [2] by using Drinfel’d mod-
ules, claims that, for any proper nonzero ideal m of Ok, there exists an element εm ∈ Hm,
unique up to roots of unity, such that
i) The extension Hm
(
ε1/w∞m
)
/k is abelian, where w∞ := q
d−1. Moreover, it is unramified
outside Sm, where Sm is the set containing ∞ and the places of k which divide m.
ii) If m is divisible by two prime ideals then εm is a unit of OHm. If m = q
e, where q is a
prime ideal of Ok and e is a positive integer, then
εmOHm = (q)
w∞
wk
m ,
where wk := q − 1 and (q)m is the product of the prime ideals of OHm which divide q.
iii) We have
Lm(0, χ) =
1
w∞
∑
σ∈Gal(Hm/k)
χ(σ)v∞ (ε
σ
m) (2.1)
for all complex irreducible characters of Gal (Hm/k), where v∞ is the normalized valuation
of k∞.
Let us recall that s 7→ Lm(s, χ) is the L-function associated to χ, defined for the
complex numbers s such that Re(s) > 1 by the Euler product
Lm(s, χ) =
∏
v∤m
(
1− χ(σv)N(v)
−s
)−1
,
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where v describes the set of places of k not dividing m. For such a place, σv and N(v) are
the Frobenius automorphism of Hm/k and the order of the residue field at v respectively.
Let us remark that σ∞ = 1 and N(∞) = q
d.
For any finite abelian extension L of k we denote by JL ⊆ Z [Gal(L/k)] the annihilator
of µ(L), the group of roots of unity in L. The description of JL given in [2, Lemma 2.5]
and the property i) of εm implies that for any η ∈ JHm there exists εm(η) ∈ Hm such that
εm(η)
w∞ = εηm. (2.2)
Definition 2.1 Let PF be the subgroup of F
× generated by µ(F ) and by all the norms
εF,m(η) := NHm/Hm∩F (εm(η)) ,
where m is any nonzero proper ideal of Ok, and η ∈ JHm. Then we set
EF := PF ∩ O
×
F .
3 Preliminary lemmas.
For any finite group H , let us denote by Ĥ the group of complex irreducible characters of
H . Then for every χ ∈ Ĥ we set eχ :=
1
#H
∑
σ∈G
χ(σ)σ−1. In case H = G, then eχ belongs
to O[G]. Moreover, if ζ ∈ µg is such that ζ 6= 1, then (1− ζ) ∈ O
×, thanks to the formula
g =
∏
ζ∈µg
ζ 6=1
(1− ζ). For any O[G]-module M let Mχ := eχM be the χ-part of M .
For K/k a finite abelian extension, and S 6= ∅ a finite set of places of k, let OK,S be
the Dedekind ring of the S-integers of K, i.e the functions f ∈ K which only poles are at
the places sitting over S. Let Cl (OK,S) be the ideal class group of OK,S.
Lemma 3.1 Let m be a nonzero ideal of Ok, and let χ ∈ Ĝ, χ 6= 1. Assume that for
every prime ideal p of Ok which divides m, χ is not trivial on the decomposition group Dp
of p in F/k. Let Sm be the set of places of k which contains ∞ and all the prime divisors
of m. Then in the category of O[G]-modules, we have(
O⊗Z O
×
F,Sm
)
χ
=
(
O⊗Z O
×
F
)
χ
and (O⊗Z Cl (OF,Sm))χ ≃ (O⊗Z Cl (OF ))χ .
Proof. Let S be the Z[G]-module generated by the prime ideals of OF dividing mOF . Let
S¯ be the image of S in Cl (OF ). We have the following exact sequences:
0 // S¯ // Cl (OF ) // Cl (OF,Sm) // 0,
0 // O×F
// O×F,Sm
// S,
x  //
∏
p∈S p
vp(x),
where for all p ∈ S, vp is the normalized valuation at p. Since O is Z-flat, all we have
to show is (O⊗Z S)χ = 0. Let p ∈ S. There is γ ∈ G such that p
γ = p and χ(γ) 6= 1.
Then (χ(γ)−1)eχ(1⊗p) = eχ(1⊗p
γ−1) = 0, with (χ(γ)− 1) ∈ O×, hence eχ (1⊗ p) = 0. 
For K ⊆ k∞ a finite abelian extension of k, let ℓK : K
× → Z [Gal(K/k)] be the
Gal(K/k)-equivariant map defined by
ℓK(x) :=
∑
σ∈Gal(K/k)
v∞ (x
σ) σ−1.
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Lemma 3.2 Let m be a nonzero ideal of Ok, and α ∈ JHm. We set Cm := Cl (OF∩Hm,Sm).
Then
ℓF (εF,m(α)) ∈ FitZ〈g〉[G](Cm)ℓF
(
O×F∩Hm,Sm
)
.
Proof. By the description of JHm given in [2], Lemma 2.5, we know that there are a finite
set T of nonzero prime ideals of Ok, and a family (αp)p∈T ∈ Z [Gal (Hm/k)]
T , such that
Sm ∩ T = ∅ and α =
∑
p∈T
αp
(
1− N(p)σ−1p
)
, where σp is the Frobenius of p in Hm/k. It
suffices to show ℓF
(
εF,m
(
1− N(p)σ−1p
))
∈ FitZ〈g〉[G](Cm)ℓF
(
O×F∩Hm,Sm
)
, for a fixed nonzero
prime ideal p of Ok, with p /∈ Sm.
For any abelian extension K of k, we denote by UK,m,p the group of units of OK,Sm
which are congruent to 1, modulo all primes above p. From (2.2) we deduce that
εm
(
1− N(p)σ−1p
)
can be chosen such that εm
(
1−N(p)σ−1p
)
∈ UHm,m,p. For χ ∈
̂Gal (Hm/k),
we define the meromorphic function s 7→ Lm,p(s, χ) by
Lm,p(s, χ) :=
(
1− N(∞)−s
)
Lm(s, χ)
(
1−N(p)1−sχ (σp)
)
.
Derivating, and using the property iii) of Stark units, we obtain
L′m,p(0, χ) = d.ln(q)Lm(0, χ)
(
1−N(p)χ
(
σ−1p
))
= d.ln(q)χ
(
ℓHm
(
εm
(
1− N(p)σ−1p
)))
, (3.1)
where χ is extended to C [Gal(Hm/k)] by linearity. For s ∈ C, we set
Θm,p(s) =
∑
χ∈ ̂Gal(Hm/k)
Lm,p(s, χ)eχ in C [Gal (Hm/k)] ,
wherever it is defined. From (3.1), we have
Θ′m,p(0) = d.ln(q)ℓHm
(
εm
(
1−N(p)σ−1p
))
= −
∑
γ∈Gal(Hm/k)
ln
(∣∣∣εm (1− N(p)σ−1p )γ−1∣∣∣
∞
)
γ.
We have just verified that εm
(
1−N(p)σ−1p
)
satisfies [6, Theorem 0], for (Hm, Sm, {p}, 1).
Then εF,m
(
1− N(p)σ−1p
)
satisfies [6, Theorem 0], for (Hm ∩ F, Sm, {p}, 1), and we have
ℓF
(
εF,m
(
1− N(p)σ−1p
))
∈ FitZ〈g〉[G]
(
Z〈g〉 ⊗Z Cl (OF∩Hm,Sm, p)
)
ℓF
(
U×F∩Hm,m,p
)
,
where Cl (OF∩Hm,Sm, p) is the quotient of fractional ideals of OF∩Hm by those principal
fractional ideals, which are generated by an element congruent to 1 modulo p. But
Z〈g〉 ⊗Z Cm is a quotient of Z〈g〉 ⊗Z Cl (OF∩Hm,Sm, p), and Z〈g〉[G] is a finite product of
Dedekind rings, so
FitZ〈g〉[G]
(
Z〈g〉 ⊗Z Cl (OF∩Hm,Sm, p)
)
⊆ FitZ〈g〉[G]
(
Z〈g〉 ⊗Z Cm
)
,
and we are done. 
Definition 3.1 Let Ω be the Z[G]-submodule of F× generated by µ(F ) and by the elements
εF,m := NHm/F∩Hm(εm), where m is any nonzero proper ideal of Ok.
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For any χ ∈ Ĝ, let Fχ be the subfield of F fixed by Ker(χ), and fχ be the conductor of
Fχ. χpr denotes the character of Gal
(
Hfχ/k
)
defined by χ. Assume that χ is nontrivial.
Then by [9, Proposition 3.1], we have
(OℓF (Ω))χ = Ow∞Lfχ (0, χ¯pr) eχ. (3.2)
Moreover one can easily relate ℓF (Ω) to ℓF (EF ) (see [9, (3.13)]). If χ 6= 1, we have
(OℓF (EF ))χ =
(
Ow−1∞ JF ℓF (Ω)
)
χ
. (3.3)
Lemma 3.3 Let χ ∈ Ĝ, χ 6= 1. There is a nonzero ideal m of Ok, satisfying the following
properties:
i) m is divisible by at least two distinct prime ideals,
ii) Fχ ⊆ Hm,
iii) for each prime ideal p which divides m, χ is not trivial on the decomposition group
Dp of p in F/k.
iv) As an O-module, (O⊗Z EF )χ is generated by (O⊗Z µ(F ))χ and by the elements
eχ (1⊗ εF,m(α)), where α ∈ JHm.
Proof. Since χ 6= 1, we can find two distinct nonzero prime ideals p and q ofOk, unramified
in F/k, such that
χ¯pr (σp) 6= 1 and χ¯pr (σq) 6= 1.
We set m = fχpq. Obviously, conditions i), ii) and iii) are satisfied. As in the proof of
[9, Proposition 3.1], from the property iii) of Stark units we obtain
ℓF (εF,m) eχ = [F : F ∩Hm]w∞Lfχ(0, χpr) (1− χ¯pr (σp)) (1− χ¯pr (σq)) eχ.
Since [F : F ∩Hnp], 1− χ¯pr (σp) and 1− χ¯pr (σp) belong to O
×, and by (3.2), we have
OℓF (εF,m) eχ = Ow∞Lfχ(0, χpr)eχ = OℓF (Ω)eχ. (3.4)
From (3.4) and (3.3), we deduce
OJFw
−1
∞ ℓF (εF,m) eχ = OJFw
−1
∞ ℓF (Ω)eχ = OℓF (EF )eχ,
and condition iv) follows. 
To go further we need some preliminary remarks.
Remark 3.1 For any O[G]-module M , we have FitO[G](M) =
∑
χ∈Ĝ
FitO(Mχ)eχ.
Remark 3.2 Let H be a sub-group of G. Let M and N be two G-modules, and ψ : M →
N be a G-equivariant map. If Cok(Ψ) := N/Im(Ψ) is annihilated by #(H) then we derive
from Ψ a surjective map
ΨO : O⊗ZM ։ O⊗Z N.
Let us assume, in addition, that Ker(Ψ) is annihilated by Σσ, σ ∈ H. Then, for every
χ ∈ Ĝ trivial on H, the restriction of ΨO gives an isomorphism
(O⊗ZM)χ ≃ (O⊗Z N)χ .
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As a particular case, for any subextension K/k of F/k and H = Gal(F/K), and any
nonzero ideal m of Ok, the norm maps give isomorphisms
(O⊗Z Cl(OF,Sm))χ
∼
−→ (O⊗Z Cl(OK,Sm))χ and
(
O⊗Z O
×
F,Sm
)
χ
∼
−→
(
O⊗Z O
×
K,Sm
)
χ
,
for any χ ∈ Ĝ which is trivial on H . Since #(H) ∈ O× we deduce that for such a
character, the canonical inclusion also gives an equality(
O⊗Z O
×
K,Sm
)
χ
=
(
O⊗Z O
×
F,Sm
)
χ
.
Proposition 3.1 Let χ ∈ Ĝ, χ 6= 1. We have
(OℓF (EF ))χ ⊆ FitO
(
(O⊗Z Cl (OF ))χ
) (
OℓF
(
O×F
))
χ
.
Proof. We choose an ideal m of Ok satisfying the four conditions of Lemma 3.3. Because
of Lemma 3.3, iv), it is sufficient to show that for α ∈ JHm, we have
ℓF (εF,m(α))eχ ∈ FitO
(
(O⊗Z Cl (OF ))χ
) (
ℓF
(
O×F
))
χ
.
By Lemma 3.2, we know that
ℓF (εF,m(α)) ∈ FitZ[G] (Cm) ℓF
(
O×F∩Hm,Sm
)
.
From Remark 3.1, we deduce
ℓF (εF,m(α))eχ ∈ FitO
(
(O⊗Z Cm)χ
) (
OℓF
(
O×F∩Hm,Sm
))
χ
.
By Lemma 3.3, ii), and Remark 3.2, the norm map defines an isomorphism
(O⊗Z Cl (OF,Sm))χ ≃ (O⊗Z Cm)χ ,
and the canonical inclusion F ∩Hm →֒ F gives(
O⊗Z O
×
F∩Hm,Sm
)
χ
=
(
O⊗Z O
×
F,Sm
)
χ
.
Then
ℓF (εF,m(α))eχ ∈ FitO
(
(O⊗Z Cl (OF,Sm))χ
) (
OℓF
(
O×F,Sm
))
χ
.
From Lemma 3.1, and Lemma 3.3, iii), we know that
FitO
(
(O⊗Z Cl (OF,Sm))χ
)
= FitO
(
(O⊗Z Cl (OF ))χ
)
,
and
(
O⊗Z O
×
F,Sm
)
χ
=
(
O⊗Z O
×
F
)
χ
.
The proposition follows. 
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4 Statement and proof of the theorems.
Theorem 4.1 Let χ ∈ Ĝ, χ 6= 1. We have
FitO
(
(O⊗Z Cl (OF ))χ
)
= FitO
((
O⊗Z
(
O×F /EF
))
χ
)
.
Proof. We have∏
ξ∈Ĝ
ξ 6=1
FitO
(
(O⊗Z Cl (OF ))ξ
)
= FitO ((1− e1).O⊗Z Cl (OF ))
= O#
(
(1− e1).Z〈g〉 ⊗Z Cl (OF )
)
. (4.1)
In the same way, we have∏
ξ∈Ĝ
ξ 6=1
FitO
((
O⊗Z
(
O×F /EF
))
ξ
)
= OFitZ〈g〉
(
Z〈g〉 ⊗Z
(
O×F /EF
))
= O
[
Z〈g〉 ⊗Z O
×
F : Z〈g〉 ⊗Z EF
]
. (4.2)
By (1.1), we know that
#
(
(1− e1).Z〈g〉 ⊗Z Cl (OF )
)
=
[
Z〈g〉 ⊗Z O
×
F : Z〈g〉 ⊗Z EF
]
. (4.3)
Putting (4.1), (4.3) and (4.2) together, we obtain∏
ξ∈Ĝ
ξ 6=1
FitO
(
(O⊗Z Cl (OF ))ξ
)
=
∏
ξ∈Ĝ
ξ 6=1
FitO
((
O⊗Z
(
O×F /EF
))
ξ
)
.
From this equality, it follows that it is sufficient to show the divisibility
FitO
(
(O⊗Z Cl (OF ))ξ
) ∣∣FitO ((O⊗Z (O×F /EF))ξ) , (4.4)
for all ξ ∈ Ĝ. Since O×F ∩Ker(ℓF ) = µ(F ), we have O
×
F /EF ≃ ℓF
(
O×F
)
/ℓF (EF ) and(
O⊗Z
(
O×F /EF
))
ξ
≃
(
OℓF
(
O×F
))
ξ
/ (OℓF (EF ))ξ . (4.5)
We set Fξ := FitO
(
(O⊗Z Cl (OF ))ξ
)
for convenience. From Proposition 3.1 we derive
the tautological exact sequence
0 −→
Fξ
(
OℓF
(
O×F
))
ξ
(OℓF (EF ))ξ
−→
(
OℓF
(
O×F
))
ξ
(OℓF (EF ))ξ
−→
(
OℓF
(
O×F
))
ξ
Fξ
(
OℓF
(
O×F
))
ξ
−→ 0. (4.6)
Since O is a Dedekind ring, we deduce from (4.6) and (4.5) that
FitO
((
O⊗Z
(
O×F /EF
))
ξ
)
= FitO
(
Fξ
(
OℓF
(
O×F
))
ξ
(OℓF (EF ))ξ
)
FitO
( (
OℓF
(
O×F
))
ξ
Fξ
(
OℓF
(
O×F
))
ξ
)
= FitO
(
Fξ
(
OℓF
(
O×F
))
ξ
(OℓF (EF ))ξ
)
Fξ. (4.7)
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Before we go further, we state here the definition and basic properties of index-modules,
which we introduced in [9]. We refer the reader to [9] for the proofs.
Let K be a commutative field, A ⊆ K be a Dedekind ring and V be a K-vector space.
By an A-lattice of V , we mean a finitely generated A-submodule R of V , such that the
K-vector subspace of V generated by R, denoted by KR, has dimension equal to the
A-rank of R.
Definition 4.1 Let R 6= 0 and S be A-lattices of V . We call A-index-module of the couple
(R, S) the set
[R : S]A := {det(u); u ∈ EndK(V
′)/u(R) ⊆ S},
where V ′ is the K-subspace of V generated by R and S, V ′ = KR +KS.
In fact, [R : S]A is an A-submodule of K, and we have the following properties, for
any A-lattices R, S, and T of V , with R 6= 0.
i) [R : R]A = A.
ii) If KS ⊆ KR, then [R : S]A is a finitely generated A-submodule of K. Moreover,
its A-rank is 1 if KR = KS, and [R : S]A = 0 if KS ( KR.
iii) Assume that KR = KS, and that r and s are two nonzero fractional ideals of A.
Then [rR : sS]A = s
dr−d[R : S]A, where d is the common A-rank of R and S.
iv) If S 6= 0, and KT ⊆ KS ⊆ KR, then [R : T ]A = [R : S]A[S : T ]A.
v) If S ⊆ R, then [R : S]A = FitA(R/S).
In the sequel, we are concerned with the following situation. A := O, V := C[G],
and the O-lattices are
(
OℓF (O
×
F )
)
χ
, (OℓF (EF ))χ, (OℓF (Ω))χ, ..., where χ is a nontrivial
complex character of G. They are all of O-rank 1.
Lemma 4.1 Let χ ∈ Ĝ, χ 6= 1. We have[
(Oℓ (Ω))χ : (Oℓ (EF ))χ
]
O
= w−1∞ FitO
(
(O⊗Z µ(F ))χ
)
,
where
[
(Oℓ (Ω))χ : (Oℓ (EF ))χ
]
O
and w−1∞ FitO
(
(O⊗Z µ(F ))χ
)
are viewed as O-submodules
of Q(µg).
Proof. Let ζ be a primitive wF -th root of unity in F , where wF := # (µ(F )). We have an
obvious exact sequence,
0 // OJFeχ // Oeχ // (O⊗Z µ(F ))χ // 0,
αeχ  // eχ (α⊗ ζ) .
Using the property v) of index-modules, we deduce
FitO
(
(O⊗Z µ(F ))χ
)
= [Oeχ : OJF eχ]O . (4.8)
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Also, using (3.3), we have[
(OℓF (Ω))χ : (OℓF (EF ))χ
]
O
=
[
(OℓF (Ω))χ :
(
OJFw
−1
∞ ℓF (Ω)
)
χ
]
O
.
By (3.2), the property iii) of index-modules, and (4.8) for the last equality, we deduce[
(OℓF (Ω))χ : (OℓF (EF ))χ
]
O
=
[
Ow∞Lfχ(0, χpr)eχ : OJFLfχ(0, χpr)eχ
]
O
= w−1∞ [Oeχ : OJF eχ]O
= w−1∞ FitO
(
(O⊗Z µ(F ))χ
)
.

The regulator R(OF ) of OF is known to be equal to
[
Z[G]0 : ℓF
(
O×F
)]
, where Z[G]0 is
the augmentation ideal of Z[G]. Hence it is natural to take R(OF )χ :=
[
Oeχ : ℓF
(
O×F
)
eχ
]
O
as a definition for the «χ-part» of the regulator, for any nontrivial character χ ∈ Ĝ.
Theorem 4.2 Let χ ∈ Ĝ, χ 6= 1. Then we have
R(OF )χFitO
(
(O⊗Z Cl (OF ))χ
)
= FitO
(
(O⊗Z µ(F ))χ
)
Lfχ (0, χ¯pr) ,
where R(OF )χFitO
(
(O⊗Z Cl (OF ))χ
)
and FitO
(
(O⊗Z µ(F ))χ
)
Lfχ (0, χ¯pr) are viewed as
O-submodules of Q(µg).
Proof. We keep the notation Fχ := FitO
(
(O⊗Z Cl (OF ))χ
)
. From Theorem 4.1, (4.5),
and the property v) of index-modules, we have
Fχ = FitO
((
O⊗Z
(
O×F /EF
))
χ
)
=
[(
OℓF
(
O×F
))
χ
: (OℓF (EF ))χ
]
O
. (4.9)
By the property iv) of index-modules, we deduce from (4.9) the decomposition
R(OF )χFχ =
[
Oeχ : (OℓF (Ω))χ
]
O
[
(OℓF (Ω))χ : (OℓF (EF ))χ
]
O
. (4.10)
By (3.2), and the property iii) of index-modules, we have[
Oeχ : (OℓF (Ω))χ
]
O
= Ow∞Lfχ (0, χ¯pr) . (4.11)
From (4.10), (4.11), and Lemma 4.1, we obtain
R(OF )χFitO
(
(O⊗Z Cl (OF ))χ
)
= Lfχ (0, χ¯pr) FitO
(
(O⊗Z µ(F ))χ
)
.

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